Abstract. In this paper, we discuss the following conjecture raised by BaumDouglas: For any first-order elliptic differential operator D on smooth manifold M with boundary ∂M , D possesses an elliptic boundary condition if and only
First we fix some notation. M is a compact oriented smooth manifold with smooth boundary ∂M . We always suppose that M is embedded in some compact smooth manifold M without boundary of the same dimension (e.g., M can be taken as double of M ). We denote • M = M \ ∂M . Furthermore, we assume that E 0 and E 1 (in fact, all the vector bundles in this paper) are smooth complex Hermitian vector bundles over M and that D : C ∞ (E 0 ) → C ∞ (E 1 ) is a first-order elliptic differential operator from smooth sections of E 0 to that of E 1 . By H s (M, E i ) and H s (∂M, E i ) we shall denote the Sobolev spaces of sections of E i and E i | ∂M with respect to fixed smooth measures on M and ∂M , respectively.
The elliptic boundary value problem (an elliptic operator with an elliptic boundary condition) has been studied for a long time. As noted in [1, 5, 6] and other references, there exist topological obstructions to impose an elliptic boundary condition on the above D. A fundamental problem is to find all such obstructions. Baum, Douglas, and Taylor constructed a relative
is the algebra of continuous functions on M which vanish on ∂M ) corresponding to D (see [2] [3] [4] for details). From the definition of relative K-homology group K 0 (M, ∂M ) given by Baum, Douglas, and Taylor, the boundary map ∂ : [2] [3] [4] . Also Baum and Douglas conjectured that the only obstruction for D possessing elliptic boundary conditions is that ∂[D] = 0. More precisely, the following conjecture first appeared in [2] in a closely related form.
Conjecture. There exist a vector bundle E 2 over ∂M and a zeroth-order pseudo-
is Fredholm if and only if
Remark 1. Let D be as above with pincipal symbol p(x, ξ). A zeroth-order pseudodifferential operator B with principal symbol b(x, ξ) from C ∞ (∂M, E 0 ) to C ∞ (∂M, E 2 ) is said to be elliptic to D (see [6] , p. 233) if, for every x ∈ ∂M and ξ ∈ T *
x is bijective, where T * x (∂M ) and (E 2 ) x are the fibres at the point x of the cotangent bundle T * ∂M and the bundle E 2 , and, Remark 2. Although the above elliptic boundary condition is used in most references, the original form of the conjecture in [2] is in a slightly different form from the above. In [2] the operator for the boundary condition is of the form γ • B, where B is a zeroth-order pseudo-differential operator from E 0 to a smooth vector bundle over a neighborhood of M . The reason we use a slightly different form of the conjecture is as follows: for general zeroth-order pseudo-differential operator B defined on M , there is no canonical way to restrict B to M as an operator
So one needs to put some restriction on B. One of the natural restrictions is that B has the transmission property with respect to ∂M (see [5] ). We also prove our theorem for this kind of boundary condition (see Theorem 1). It must be pointed out that the existence of a boundary condition of type B • γ implies the existence of that of type γ • B.
In this paper, we prove the "only if" part of the conjecture which can be thought of as a generalization of Corollary 4. (ii) There exist a bundle E 2 over a neighborhood of M in M and a zeroth-order pseudo-differential operatorB with transmission property with respect to ∂M from E 0 to E 2 such that
is Fredholm. The proof of Theorem 2 makes use of two key lemmas (see below). Let ST * ∂M be the unit sphere bundle of T * ∂M over ∂M and π : ST * ∂M −→ ∂M be the canonical projection map. Let E 0 = π * (E 0 | ∂M ) be the bundle over ST * ∂M . We write the principal symbol of D, in a coordinate neighborhood U of x ∈ ∂M , as
where x n is the coordinate for the normal direction of ∂M . We define
is a map from a fibre of E 0 into itself and has no purely imaginary eigenvalue. Let V ± be the subbundle of E 0 over ST * ∂M corresponding to the span of the generalized eigenvectors of τ (x, ξ) corresponding to the eigenvalues with positive/negative real parts.
Lemma 1. ∂[D] = 0 if and only if
Lemma 2. If E 0 and E 1 are vector bundles over M which allow a first-order elliptic differential operator D to act from one to the other, and if dim(M ) = n, 
2 , whenever dim(M ) ≥ 8. Hence there exists a complex vector bundle E 2 over ∂M , such that V + ∼ = π * E 2 . This is also true for dim(M ) ≤ 3, since the collection of complex vector bundles over ST * ∂M (dim(ST * ∂M ) ≤ 3) has property of cancellation.
Let ψ be the bundle isomorphism
For any (x, ξ) ∈ ST * ∂M , let b(x, ξ) be the bundle map defined by
Furthermore, let B : E 0 | ∂M −→ E 2 be the zeroth-order pseudo-differential operator with symbol b(x, ξ). It follows that B is elliptic to D (see [6] ). The details of the proofs will appear elsewhere.
